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A pair (X, 4b) will be a t-wise balanced design (tBD) of type t-(q K, A) if 9B = (Bi : i E I) is a 
family of subsets of X, called blocks, such that: (i) 1X1= u EN, where N is the set of positive 
integers; (ii) I G t G [BJ E K EN, for every i E I; and (iii) if ‘2’~ X, IT\ = t, then there are A EN 
indices i E I where TG BP Throughout this paper we make three restrictions on our tBD’s: (1) 
there are no repeated blocks, i.e. 9 will be a set of subsets of X; (2) tq!K or there are no 
blocks of size t; and (3) gPk(X) g B or 0 does not contain all k-subsets of X for any t < k E u. 
Note then that X$3. Also, if we give the parameters of a specific tBD, then we will choose a 
minim4 K. 
We focus on the t-((s), K, A) designs with the symmetric group Sp as automorphism group, 
i.e. X will be the set of 2) = (g) labelled edges of the undirected complete graph K,, and if B E $I 
then all subgraphs of 4, isomorphic to 23 are also in $I. CalI such tBD’s ‘graphical tBD’s’. We 
determine all graphical tBD’s with A = 1 or 2 which will include one with parameters 
4-(15, (5,7). 1). 
1. hwoduction and fomdities 
The motivation for this paper came from the second author’s discovery of the 
graphical 4-(15, (5,7}, 1) along with knowledge of the graphical S(3,4, 10) and 
S(2,3,15). It was soon conjectured, but still a minor surprise when the conjecture 
was proved, that there were few graphical tBD’s for h = 1. 
Upon the graphs of the S( 1,2,6) 
We find a plane of Fano is affixed. 
And in the Wilson graphs there can be seen 
S(3.4.10) and S(2,3,15). 
A curious 4-(15, {5,7}, 1) 
May also from a graph complete be wrung. 
Alas one author learns with slight chagrin 
There was a lost S(2, {3,5), 15). 
So grafting chords to work in unison 
An ode we sing of Theorem 1.1. 
Beyond the aesthetics of describing tBD’s by graphs there is a strong suspicion 
that many graphical tBD’s will have some inherent1.y interesting properties. For 
example, we &ow in Section 6 that each of the graphical tBD’s for A = 1 can be 
extended as tBD’s. 
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In addition to the definitions given in the abstract, we mention a few more 
definitions and notational conventions. When [ICI = 1 our tBD is a t-design and if 
also h = ‘II, then a tBD is the familiar Steiner system S(t, k, u). If (X, 9) is a tBD 
with parameters t-(Q K, A) and Osi < t, then there are derived (t-i)- 
(tr - j, K - j, A) designs (X’, 3’) (where K -i = (k -i: k E K)) obtained as follows: 
let SCX where IS\=& X’=X\S, and W=(B\S: S~BE@). 
All of our graphs will be simple with no loops and no multiple edges. If G is a 
graph, then we let V(G) denote the vertices in G and E(G) denotes the edges in 
G. If S E V(G), then the induced subgraph G[S] has vertex set S .and two points 
(vertices) are adjacent in S ifi they are adjacent in G. If X = P*(P) is the set of 
edges from the complete graph 4, with p = IPI, and (X, Se) is a tBD, then for 
B&l?, or B c X, we shall often be viewing B as a subgraph of &. Also 
[RI = IE(B)l. By an empty graph G we mean that E(G)=$!l and V(G)#g, i.e. G 
has no edges. The symbol EC,., denotes the complete bipartite graph with edges 
joining each vertex of an m-set to each vertex of an n-set. The symbol T will 
always be a r-edge subgraph of 4. The symbols S,, and A,, denote the symmetric 
and alternating group on an n-set, respectively. Greek non-capital letters cy, $3, y, 
etc. will invariably be permutations in S,,. 
In Section 3 we prove the following result: 
Theorem 1.1. The only graphical t-wise balanced designs when A = 1 are those 
listed in Table 1. 
Tat-de 1 
f P Parameters Graphical representation 
1 4 i-(6.2. 1) 1 f 
2 h 2-t 15, 3. 1) I II 4 l 
l 
2 6 2-t 15. ($5). 1) I II + 
3 5 3-t 10.4. 1) * a El 
4 6 4-(15. (5.7). 1) */t-A0 $31 
~- .m 
Interesting properties of these designs are discussed in Section 6. 
In Section 4 we establish: 
Theorem 1.2. The only graphical t-wise balanced designs when A = 2 are those 
listeld in Table 2. 
Graphical t-wise 6alanc.ed designs 
Table 2 
2x9 
t P Parameters Graphical representation 
1 pa4 l-((~),p--l,2) K LIP-1 
1 4 l-(6,3,2) (I 
0 
1 4 1-k 49% n 
2 4 
2 4 
2 5 
2 5 
2 5 
2 6 
2 6 
3 5 
2-K C3.41.2) + Ix 
2-(6,{3,4), 2) de tl 
2-m 13,4L 2) u: 91 
2-( 10,4,2) tl 
2-( 10,4,2) 
&P 
2-W (3,61,2) 9i UD 
2-(1% {%6), 2) WUb 
3-W. (4,s. 61.2) e 0 @j l 
2. RemItsforanyA,orforh=landA=2 
In this section we present a few results on graphical tI3D’s that are true for any 
A, or that are true for both A = 1 and A = 2. Recall that we use the non-capital 
Greek letters at, p, y for permutations in &,, i.e. permutations of the vertices of 
KP’ 
Theorem 2.1. Let (X. 9I) be a grt.@Ccal tB,~D where T c B E iB. If aiT E I3 for 
.- 2-- 1 9 l . . , A, then either aiB = B for some i =: i, . . . , A or a: ‘B = (~7~ B for some 
if j. 
Pro&. The t-set T is contained in each of the (A + I) blocks B, cw;"B, . . . , &B 
so two of these blocks must be identical. 
The following corollaries are almost immediate: 
Cor&uy 22. Let (X, Se) be a graphical tBD with A = 1. If T C_ B E 3 and cw:T c B, 
then CRB = B. 
CoraJary 2.3. Let (X, Se) be a graphical fBD with A = 2. If T c B E %I where 
cuts B and CHUTE B, then cu2B = B. 
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The above two corollaries will be used repeatedly in subsequence discussions. 
In particular, we consider: 
Theorem 2.4. If (X, 3) is a graphical tB.D with A = P or 2, then p # t + 1. 
#‘roof. A block B &at covers the t-set T = K1,* must have an edge joining two 
ends of the I&. Applying the appropriate corollary above, for A = 1 or A = 2, we 
easily force B to be complete, a contradiction of our assumption that X$48. 
Theorem 2.5. Let (X, CB) be a graphical tBD with TE B E 3. Let V(T) be the 
vertices in Kp that are incident with the edges in T. If A = 1 or 2, then the induced 
subgruph B[V(K,)\ V(T)] is either empty or complete. 
Pro&. Let I/ be the vertices in B[ a/(&)\ V(T)]. Our result is obvious if \ Ul S 2, 
so assume 1 l_Jl> 3. If B[ V(K,)\ V(T)] is not empty nor complete we can find 3 
vertices in I/ whose induced subgraph is neither empty nor complete. Relabelling 
among these 3 vertices would force A = 3, a contradiction. 
Note that this result is false if A 3 3, since several of the designs listed in Section 
5 have induced subgraphs B[ V(K,)\ V(T)] which are neither empty nor com- 
plete. 
Thearem 2.6. L.er B be a block of a graphicui tBD. lf B has a path of length 
!T + h ), thvrl R bus a Ifamiltonian cycle. 
Proof. IA P= VJ, * - ’ vrvt+, l - l vt+,, l l l VI be a path of maximum length 
Ia I + A in B. Define the permutations aj: Vi --i* Vi+i with the subscripts viewed 
module (I+ 1) where: O<i<I and O<j<A. If T= V,V, l . 9 Vt, then Tis in each 
of the (A + 1) blocks a; ‘B so a;,‘B =c$B, for some j,<jz. So B = $3, for 
0 # i = iz---i,, since (xj =(Yi20~~” arrd VI VO is an edge in B. Now C = V0 VI l l l V& 
is d cycle in B and we suppose V,$ C. Let pi: Vi++ Vx, t+ lsjGt+A. Again T is 
in (A + I) blocks B, PI+IB,. . . ,f3,+hB SO B z @jB or P,,B = P,,B, for some jl <jz. 
;q anq’ case B, or an isomorphic image of B, will have a path of length (1+ l), a 
contr 4iction. So C is a Hamiltonian cycle. 
Our next result. though restricted to A = 2, provides an exceptional case in 
Theorem 2.8. 
Theorem 2.7. There are graphical tBD’s with parameters l-@), p -- 1,2) for all 
p 2-l. 
Pro&. Take %I to be the set of all K,_,‘s and simply note that any edge appears 
exacl!y twice. We shall call these the ‘star-graph designs’. 
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Xlmm~~ 28, Assume A = 1 or 2. If (x Se) is a graphical t 3D brat is not a stapagraph 
&sigru, th49t p g2t +2. 
l%of. Let B e 9 be a block con&i&g a t-set 7 which consists of t disjoint 
edges. If p a2t+ 3 and (X, $0) is not the star-graph design, then Corollary 2.2 or 
2.3, and the fact that TS Z3, will force B to be complete. 
Our next two theorems will be of great use when p < t, since we can exploit the 
structure of derived tBD’s that are also graphical tBD’s. 
We say that a tBD is nontrivial if and only if: (i> I G t i k < v for all k E K; and 
(ii) C& (X) $9 for any k E K. Otherwise the tBD is trivial. 
Theorem 2.9. Assume p s t. Zf a graphical tBD exists with parameters t-((s), K, A), 
then there is a graphical tBD (possibly trivial) Gth the parameters (t - p -t- l)-((p;‘), 
K-p+l,X). 
Proof. Simply take the derived design with respect to a star subgraph K1,,_1 with 
(P - 1) edges. 
Theorem 2.18. If A = 1 or h = 2 and p G t, and (X, Se) is a nontrivial graphical 
tBD, then the deriveci designs with respect to the star-shaped esign are nontrivial. 
proof. Let (X’, Se’) be a derived (t - p + l)-((p;‘), M-p + 1, A) design with respect 
to a star-shaped subgraph and suppose (X’, GB’) is trivial. Then for some k E K, 48’ 
contains all (k -p+ I)-subsets of X-‘. Let w = IX’1 = (P$t). Counting (t-p + l)- 
subsets irl iwo ways produces 
(,_~.+l)(:_pp=:)=(t_pw+l)l\’ (w-:3-whence A = 
Easily A = 1 implies either k = t or & = (5) = v, a contradiction of (X, 9) being 
nontrivial. If A = 2, then (w - t + p - 1) = 2 and (k - t) = 1 which forces k = 
(5) -- 1 = v - l., a contradiction because SB would then contain all (v -- 1)-subsets of 
X since (X, Se) has S, as automorphism. 
3. Graphfca! tBD’s far )L = 1; proof of Theorem Ll 
The next result will be useful in ruling out various cases or subcases in 
subsequent arguments. 
Lemma 3.1. Assume A = 1. If B is a block in a graphical tBD, then B cannot 
contain a path P of length t + 1. 
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Roof. Assume 13 has a path of length (t + 1). By Theorem 2.6 B has a 
Hamiltonian cycle C = V& l l n V&, I = (p- I). Let P = VJ, l l 9 V,. Now we 
must rover (once) the graph which is the union of two paths P’ = V& l l - V. and 
OX = V! -,+x ’ l l VI. for 1 <x < t - 1. But relabelling QX with the permutation 
05. V,-t*x ) W-1, VI--t+x+,) l l l forces VO adjacent to VI_,+, for 1 GX <(t - I). 
Fixing Q1 and relabelling PI with (VO, Vi)( VI, Vl+i)* for 1 pi G(2 - t- l), forces 
V(, adjacent to all of the vertices. Using S,, we force I3 to be I$,, contrary to our 
requirement hat iI31 < u. 
m 3,2, If (X, 48) is a graphical f&D with t = A = 1, then (X, 3) is the unique 
l-(6,, 2, 1) wifh p = 4 and all bkxks Of rke form 1 1 . 
Pmof. By Theorem 2.8 we have p ~4 and our result is quickly forced. 
Lemma 3.3. If (X, 9) is a graphical tBD with A = 1 and t = 2, then (X, 3) is one 
of the two designs listed in Table 1. 
Proof. Now pf t+ 1 and ps2t+2 so 4sps6. When p=4 or 5 any attempt to 
cover the t-set consisting of two disjoint edges will force a path of length 3, 
contrary to Lemma 3.1. When p = 6 the two designs are quickly forced. 
Lemma 3.4. If (X, 9) is Q graphical tBD with h = 1 and t 33, then p s t + 2. 
&o&. With t = 3 and p 26 any attempts to cover the union of 3 disjoint edges 
lead to contradictions. If t = 4 and p 37 attempts to cover the graph b aho 
lead to contradictions. Let t 3 5 and p 2 t + 3. Let B cover the cycle C with U the 
vertices in Ct and V the vertices outside C. By Lemma 3.1 and Corollary 2.2 B 
cannot have an edge joining U to a vertex in V. If there is an edge, not in Ct, but 
joining vertices in U, then by relabelling there will be two such edges. Then there 
will be a t-set T of edges none of which are adjacent to some vertex x in U. So 
there must be an edge joining vertices in V. Consequently by Theorem 2.5 V is 
complete and so contains at least 3 edges. Then there is a t-set T in B with edges 
not adjacent to two adjacent vertices x, y in U. Switching the labels x and y forces 
a 1. w edge between vertices in U, a case we h;.wd eliminated. 
Lemma 3.5. If (X, 3) is a graphical tBD with h = 1 and t = 3, then (X, Se) is the 
urrique 3-t 10,4, 1) design listed in Tuble 1. 
Proof. By Theorem 2.4 and Lemma 3.4 then p = 5. Attempts to cover the four 
types of 3-edge subgraphs quickly produce the unique solution. 
E,ernura 3.6. If (X, 93) is a graphiml tBD with A = 1 and t = 4, then (X, Se) is a 
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4-(15, {5,7), 1) design which uses ali graphs of the folZowing types: 
Roof. Sin= lBl#u, easily pa4 and then pf4. But p#t+l and p~~+2 so 
p = 6. In Table 3 we list the isomorphism types of 4-edge subgraphs of K6 and the 
number (orbit length) of labelled subgraphs of each isomorphism type. To cover 
the first type of 4-edge subgraphs requires a block B that is either &UK, or 
C&K,, both of which cover the third type. tivering the second type of 4-sets 
now excludes C,U K2 as a block. Note that the blocks of type &U Kz will cover 
each of the first 5 types of $-sets. To cover the sixth type of 4-sets we must avoid 
forming KS’s or CA’s. Quickly K 1,5 is forced. To cover the seventh type of 4-sets 
the blocks of typeA_A are forced and these cover the eighth type of 4-sets. 
Finally we must choose Cs’s to complete our design. This 4-( 15, (5,7}, 1) will have 
(6+90+72+ 15)= 183 blocks. 
Table 3. Isomorphism types of +edge subgraphs of K6 
P_ 
Type 1 2 3 -1 5. 6 7 8 9 
Number 180 180 45 60 60 30 90 360 360 
Lemma 3.7. If (X, se) is a graphical tBD with h = 1 and t 2 5, then p + t + 2. 
Proof. One must cover a t-set of type Ct+2j U K2 W K2 with some block B. IJsing 
SP and A = 1 it is relatively easy to show that B is the complete graph, a 
contradiction. 
Lemma 3.8. If h = 1 and t h 5, then graphical tBD’s do not exist. 
mf. By previous results we haTie p G t. Using Theorem 2.10 and by infinite 
descent we may assume that we have a design whose derived design is one of the 
five designs listed in Table 1. The only parameters to be considered are: (i) t = 5, 
p = 5; (ii) t = 8, p = 7; (iii) t = P, p = 6; and (iv) t = 10, p = 7. Now (i) is easily ruled 
out by trying to cover T= C,. In case (ii) or case (iii) any attempt to cover %-sets 
of the form 
W 
(with arA isolated point in case (ii)) lead to contradictions. For 
(iv) consider the lo-se?, M 
. P xt B cover such a lo-set. Deriving with 
respect to the vertex of degree 6 shows that this block B must produce 
the, cl-edge graphs 1 , so B must contain . But by using S,, and A = 1 
we force B to be complete, so our result is proved. 
From ihe results in this section it is clear we have proven Theorem 1.1. 
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4. Grapkal tBD’s with h = 2; proof of Theorem 1.2 
Analogously to Lemma 3.1 our next result wiIl be used in excluding certain 
cases in subsequent arguments. 
BLemma 4.1. Assume A = 2. If B is a block in a graphical tBD which is not a 
l-(6,4,2), then B cannot ktaue a path of length t + 2. 
Pro&. The designs for p < 4 are easily checked to be those that are listed in Table 
2. Note that the l-(6,4,2) with blocks of the form C4 have paths of length 
1+2=3. So we can assume p 2 5. By Theorem 2.6 B contains a I-Iamiltonian 
cycle C = VJ, l l l v&j, Z=(p-l)at+2. 
Consider the permutations (3i = (vy+2\/‘i+l Vi++3), with subscripts modulo p. 
‘Then pi fixes p - 5 2 t - 2 edges, and interchanges edge Vi Vi+ 1 with Vi +2 Vi+33 
hence pi fixes a r-set. But pf fixes the same t-set, SO by Corollary 2.3, P?B = B. 
Now the permutations {of: i = 0, 1, . . . , p - 1) can be shown to generate the 
alxernating group A, for p 25. But A, is 2-transitive forcing all edges to be 
present in B, a contradiction. 
Although of interest on its own our next result will be quite useful later in 
ruling out graphical tBD’s which have member from the infinite class of 
star-shaped designs (the l-((s), p - 1,2) designs) as derivatives. 
Lemraa 4.2. Zj (X, 9) is a graphical tBD with A = 2, then p # t. 
Proof. Our result is clear for p ~3. If p = 4 = t then the trivial design of all 5-sets 
is required, a contradiction. So assume p = ta5. For tf7, let T be a t-set which is 
the disjoint union of C3’s and Cs’s with a minimum number of C&. Let Z3 be a 
block covering T and let e be an edge that is in B but not in 7’. If e connects two 
C&, then a & is forced and easily a complete graph would then be forced on the 
vertices contained in all CB’s in T. So we are done if p = t ~0 (mod 3). If e 
connects two C’& in T and iT has a Cs, then we fix a KS in the K6 forced from e 
-qd we fix 2 consecutive edges in the Cs. So we free three vertices and force an 
edgt between a Cg and Cs in T. A K8 would t!jen be forced and B is easily shown 
to be complete. Hence if e joins two Cs’s in I’, then B is complete, a contradic- 
tion. Similarly, if e should join a Cs with a Cs, or a Cs with a Cs, then Z3 is forced 
to be complete. If e is added to a Cs, then a K5 results. If there is a second Cs, 
then we will get a KS U KS. If there is also a C1, then we can fix one K5 and 6 
edges from the second KS to free a vertex from the second KS to mix with the C3. 
So if p = 1 (mod 3) and p 2 13 we are done. If we have a Z& and there are two 
C3’s in T, then we force Z3 to be complete. “tie only have p = 7,8, or 10 to 
con Gder. If p = 10, then T = C, W Cs is covered only once by the only possible 
blo k type Z3 = KS U KS. Attempts to cover 7’ twice force A > 2. If p -= 8, then 
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T= CS U C, forces blocks of the form E = K5 U& But agati, T is covered 
exactly once and other blocks that are needed to cover 2’ twice will force A > 2. If 
p = 7 we let T = C,. Adding E forces B to have 14 edges. Let x, y, and z be any 
vertices of a K3 contained in B, and consider the permutation (x, y, z). This 
rotates the K3 and fixes 4 other edges-hence fixes a 7-set. By Corollary 2.3 its 
square fixes B, providing a new chord of T. Thus rotations of T force B to be 
complete. Our result is proved. 
Lermna 4.3. Let (X, 98) be a graphical tBD with h = 2 and t = 1. Then (X, Se) is 
one of the following design ;
(i) a star-shaped design.; 
(ii) a l-(6,3,2) using C3’s; or 
(iii) a l-(6,4,2) usirrg C,‘s. 
Proof. By Theorem 2.7 and 2.8, if (X, Se) ;IS not a star-shaped design then p ~4. 
The two designs are then easily forced. 
Lemma 4.4: -T%e seven graphical tBD’s for t = 2 = A ck8re those listed in Theorem 
1.2. 
proof, By Theorems 2.4 and 2.8 we have 4s p ~6. Attempts to cover the two 
types of 2-edge subgraphs quickly force the 7 solutions. 
Lemma 4.5. The only graphical tBD for A = 2 and t = 3 is a design with pmvneters 
3-(10,14,% 61,2). 
Proof. Now p G 8 and if p 36 any ataempt o cover a set of 3-disjoint edges using 
no repeated blocks and exactly twice forces a path of length 5, contradiction of 
Lemma 4.1. Since p # 4 by Theorem 2.4, then p = 5 and the unique design is 
easily forced. 
Lemma 4.6. There are no graphical tBD’.s with t = 4 and h = 2. 
Proof. Let (X, Se) be a 4-((z), K, 2) design preserved by SP. Now p c 10. For 
p = 8,9, or 10 attempting to cover 4-disjoint edges (exactly twice and using no 
repeated blocks) forces a block to contain a subgraph of the form 1 1 f V or a 
subgraph of the formtf 1 I. I n either case a path of length 4 + 2 = 6 is quickly 
forced, a contradiction. 
Let p = 7. To cover the 4-set w exactly twice forces blocks of the type 
Izr 0 0 0 ’ and these blocks will cover the subgaphs k z e and 
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exactly twice. To cover e we must use all subgraphs in one of the two classes: 
and w, or (ii) @@ . 
0 
To cover e and A[ 1 we must use subgraphs of the form _ and those in + 
class (i). zii will cover the 4-sets of type h A’ exactly twice. To cover 
>e~ ,’ we are forced to use 117 l or 9 but then &sets of the type 
c 1 are covered more than twice. Hence pf 7. 
If p = 6 and to cover 4-sets of the form 6 1 we are forced to use blocks of the 
form Kz,.,. The K2.4’~ will then cover 61 twice, A A once, 
I z twice, m once, and 1.1 once. A careful, bu; elementary analysis, 
of the blocks required to cover the 4-set b . ’ will lead to contradictions in 
each case. So p# 6. But we cannot have p = 5 so we are done. 
Lemma .4,7. If (‘X. 9) is a graphical tBD with t 3 5 and A = 2, then p s t + 2. 
Proof. Suppose p 3 t + 3 and consider the subgraph T consisting of the t-cycle 
V,V*..’ V,V,. Let x, y, z be three points not on T. Let 8 coves T and assume B 
has an edge joining .c to say V,. Consider the automorphisms cy = (x, y, z) and 
p=(V,.Vz,...* V,). If t is odd and by Corollary 2.3 each of x, y, z are adjacent 
to each of the vertices in T. Then B will have a path of length t +2, a 
contradiction. If t = 2n is even, then each of x, y, z are adjacent to 
VI, V.+ * - . , Vz, _ ,. Then t 2 6 and using ‘y = ( VZn, V,, VJ we will fix at least 
it - 4) + 3(n - 1) 2 j + 2 > t edges. So by Corollary 2.3 we get x, y, z adjacent to 
Vz,, V,. and &-forcing a path of length t + 2. a contradiction. 
If an edge in B forms a chord in T, then use of 0 will force two chords and 
a point V not on these two chords. Cycling x, y and V will produce an edge 
between T and x, a case ruled out. 
If x and y are adjacent in B, then a forces a K3 on x, y, and z. Now 
6 = (V,, V3, V2, V.+) and s2 will interchange or fix V,V, and VJ,, so it will fix 
(t - S) -+ 2 + 3 = f edges in B. By Corollary 2.3 we will force a chord in T, a case we 
hh.t eliminated so our proof is complete. 
Lem 4.8. rf (X, 9) is a graphical tBD wirh t 2 5 ar.ti A = 2, then p # t + 2. 
Proof, Suppose p = t t 2 and T is a t-cycle. If B is a block covering T, then B 
must be of the type Ct U K, since any other choice forces B to be KP, in a manner 
similar to Lemma 3.7. Eiut the blocks of type C. U Kz cover such T’s exactly once, 
contrary to A = 2. 
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Lemma 4.9. There do not exist gruphical tBD’s with t 3 5 atad A = 2. 
proof. By previous results we must have p g t - I. Using Theorem 2.10 and by 
infinite descent we may assume we have a design whose derived design is one of 
those with 1< t s 4 (see the listing in Theorem 1.2). Tile only parameters to 
consider are: (i) t = 6, p = 5; (ii) t = 7, p = 6; (iii) t = 8, p = 7; and (iv) t = 8, p = 6. 
Case (i) is ruled out since any attempt to cover the &set T= K4 forces a block to 
be KS. For case (ii) any block which covers T= K4 U K2 must contain 
* 
. But 
deriving with respect to the vertex of degree 5 shows that the derived design must 
have a block containing a K4. However none of the 2-(IO, K, 2)‘s have SW& 
blocks. For case (iii), and from the structure of the 2-( 15, K, 2) designs, our design 
with t = 8, p = 7 must have blocks of the form 
W* But these blocks cover the 
g-sets of the form 
e9< 
more than twice, a contradiction. Finally, in case (iv) 
and by the nature of the 3-(10, {4,5,6}, 2) we must have blocks of the form 
* 
. But then g-sets of the form m would be covered more than twice, so 
our theorem follows. 
From the results in this section it is clear that we have proven Theorem 1.2. 
5. The graphicaI tBD% for A=3 and p<6 
For the convenience of the reader who is curious about the graphical tBD’s for 
A = 3 we present a list of such designs for p s 6 in Table 4. 
6. Extensions of some graphical tBD’s 
Each of the graphical tBD’s for A = 1 have extensions as tBD’s. Any l-(6,2,1) 
is unique and so extends to the familiar 2-(7,3, l), or Steiner system S(2,3,7), 
which in turn extends to an S(3,4,8). 
As an exercise, the reader can show that the graphical 2-( 15,3,1) is isomorphic 
to the geometry PG(3,2) on (24- 1) = 15 points. The points X of PG(3,2) can be 
viewed as 4-tuples over GF(2) except for the vector of all zeros. The lines are the 
solutions to the equation x1 +x2+ xj = 0. The PG(3,2) has an extension to a 
3-(16,4, l), or S(3,4,16), using as points ali 4-tuples over GF(2) and using a3 
4-sets all solutions to the equation x1 + x2 -t x3 + x4 = 0 q distinct. 
To extend our 2-(15, (3,5}, 1) first add m to each of the blocks of the form 
I I Iand_* Then add all blocks that are isomorphic to m : and the 
blocks isomorphic to 4 b, and hence produce a 3-( 16, {4,6}, 1) design. 
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Table 4. The graphical tBD’s for A = 3 and p C6 
1 P Parameters Graphical representation 
1 4 
1 4 
1 4 
1 5 
1 5 
1 6 
2 5 _ 
2 4 
2 6 
2 6 
2 6 
3 5 
3 s 
3 6 
3 6 
l-(6* {2* 31.3) 
l-(6, (2.3). 3) 
l-(6. (2% 4L3) 
l-( 10.2.3) 
1-t 10.3.3) 
1-t 1s. 3.3) 
2-t 10, {4,6),3) 
2-t 15, (3, -w:, 3) 
2-l IS. { 3.5.6). 3) 
2-( 1.5, (3, IO}, 3) 
2-t 157.3) 
?q 10. {4,6}. 3) 
3-t 10. (4.6). 3) 
3-t 15, (4,s. 7). 3) 
3-t 15. { 7.8). 3) 
The 3-( 10,4, 1) or Steiner system S(3,4,10) is known to be unique and extends 
to an S(S, 6,12) (see 171). 
The 4-( 15, (5,7}, 1) will extend to a 5-(16, (6,8}, 1). In [1] a construction due to 
R. Wilson for a 5-(2”, {6,8}, 1) is as follows: Let X be the D = 2” points of the 
n-dimensional affine geometry of GF(2), so X can be viewed as n-tuples over 
t32). Let B? = i&-,U 5B8, where 48, is the set of &sets and as the set of &sets. 
Then 3, is the set of 3-dimensional afline subspaces and the 6-set (x,, . . . , xJ is 
in 58, iff x,+0 l - +x6= 0. Using notation very similar to Hanani [4] we can 
generate a 5-( 16, {6,8}, I) as folllows: Let X = GF( 16, x4 = x”+ 1) so x is a 
primitive root in the field of 16 elements. Let D1 = (1, 2, 3, 8, 10, 13, 14) = {x’, 
xl, x3, A?, xl0 , x? x’~), C&=(1, 2,3, 11, 12). E&=(0,5, IO), and D4=(0, 3,6,9, 
12). The zero in the field is (A and field addition is CB. Also we let I(n) = 
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VA1 v-*-9 n - 1). Then 
3 = (((a(O)+(~, D*))+ i), a E I(2), i E X(15;) 
U{@, i +Dz) mod 16, i E I(15)) 
U((i+D,,i+~+D~)mod16,i~I(5),j=1,2} 
U#!l, i -t I&) mod 16, i E I(3)). 
Label the elements in 5&(6) as follows: {1,2}= 1, (11 3}=2,. . . , {I, 6}=5, (2,3)= 
6 , . . . ,(S,6}=15. Let a: X\(lb)+92(6) be defined by 
a = (1)(2,9,3,6,10)(4,8,13,5)(7)(11,15)(12,14~. 
Then a is an isomorphism between the derived 4-( 15, (5,7}, 1) on point g E X and 
our graphical 4-(15, (5,7}, 1). Note that all of the derived 4-(15, (5,7), 1) designs 
from Wilson’s S-(16, (6,8}, 1) are isomorphic since Wilson’s design is preserved 
by the tine group AF(16) which is transitive on points. 
Perhaps we should state as a theorem: 
llreorern 6.1. Each of the five graphical tBD’s for h = 1 have extensions as t-wise 
balanced designs. 
When A = 2 we have not determined in each case whether or not our graphical 
tBD has an extension as a tBD. We do know, but not supply details, that both of 
the 2-(6, {3,4}, 2)‘s do not have extensions. The two l-(6,3,2) designs, and the 
P-(6,4,2) do have extensions. 
Note that the union of the two 2-(10,4,2) designs is the 3-( l&4,1), or Steiner 
system S(3,4,10). We can extend each of the 2-(10,4,2)‘s as follows: Add (XJ to 
the 15 blocks of one of our graphical 2-(20,4,2)‘s, then take the 15 blocks of the 
other 2-(10,4,2) and 30 blocks of a disjoint S(3,4,10). This will produce a 
3-(11, {4,5), 2). It is interesting to note that a 2-(10,4,2) cannot be extended to a 
3-(11,5,2) (see [3]) but does have this extension to a 3-wise balanced design with 
2 block sizes. 
When h = 3 we know that the l-(6, (2,3}, 3), the l-(6, (2,4}, 3), and the 
l-(15,3,3) have extensions. Also, the 2-(15,7,3) will extend to a. Haclamard 
3-design. 
Let us also point out reference [6] where the authors determine a.11 parameter 
situations for which there exists a graphical t-design with parameters t-(15, k, A), 
2~ t c k ~7, and no repeated blocks. They do find a 4-( 15,7,60) 
theorem of Alltop (see [5] for a good survey of t-designs) extends to a S- 
(16,8,60). 
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